A general procedure for obtaining frame-independent, three-dimensional light-front coordinatespace wave functions is introduced. The third spatial coordinate,z , is the conjugate to the lightfront momentum coordinate x = k + P + which appears in parton distributions. These light-front wave functions are used to derive a general expression for the quark distribution function of hadrons as an integral over the spatial separation s =z −z , the frame-independent longitudinal distance (the Ioffe time) between virtual-photon absorption and emission in the forward virtual photon-hadron Compton scattering amplitude. The integrand, g(s, x) of the quark distribution contains a factor of cos sx which remains significant for very large values of s at small x, thus demonstrating that the spatial extent of a proton in the longitudinal direction can be very large -a key feature of the Ioffe time. Specific examples using models derived from light-front holographic QCD exhibit a large extent inz.
Introduction
Much recent effort has been devoted to understanding and measuring the generalized parton distributions [1] [2] [3] which encode the fundamental structure of hadrons in terms of the three-dimensional momentum-space coordinates of their quark and gluon constituents. Recent lattice calculations of quasi-pdfs evaluate a Fourier transform of a matrix element which depends on the spatial separation s of the distance between virtual-photon absorption and emission that appears in the virtual photonproton Compton scattering amplitude It is therefore of considerable interest to understand the spatial longitudinal dependence of the virtual Compton amplitude from a causal, frame-independent perspective. In this paper we shall show that the frameindependent eigensolutions of the QCD light-front Hamiltonian which underly hadronic observables can be expressed in terms of a longitudinal spatial coordinatez that is simply related to s. One thus obtains a frame-independent three-dimensional description of hadron structure which complements analyses using the usual transverse spatial variables [4] [5] [6] [7] .
The Light-Front Fock Representation The light-front expansion of any hadronic system is constructed by quantizing quantum chromodynamics at fixed light-front time τ = t + z/c [8] [9] [10] [11] [12] . The LF time-evolution operator P − = i d dτ can be derived directly from the QCD Lagrangian. The lightfront Lorentz-invariant Hamiltonian for the compos-ite hadrons H QCD LF = P − P + − P 2 has eigenvalues M 2 h , corresponding to the mass spectrum of the color-singlet states in QCD [10] . (Here P ± = P 0 ±P z and boldface notation is used to denote the twodimensional transverse vectors.)
In principle, the complete set of bound-state and scattering eigensolutions of H QCD LF can be obtained by solving the light-front Heisenberg equation
h | ψ h ,where | ψ h is an expansion in multi-particle Fock eigenstates { | n } of the free light-front Hamiltonian: |ψ h = n ψ n/h |ψ h . The light-front wavefunctions ψ n/h (x i , k i , λ i ) provide a complete, causal, frame independent representation of a hadrons, relating the quark and gluon degrees of freedom in each n-particle Fock state to the hadronic eigenstate.
Twist-two operators and the need for a longitudinal spatial coordinate
The quark distributions of a hadron are matrix elements of quark operators at light-like separation [13, 14] :
where the notation (x − /2) refers to the four vector (x − /2, x + = 0, x = 0); the LF helicity and flavor labels, as well as the Q 2 -dependence, are suppressed. The operator γ 0 γ + that appears in the matrix element in A + = 0 gauge serves to project [9] the de-pendent field operator ψ onto its independent component ψ + . The variable X is used instead of the usual x, because X ranges between −1 and 1. The application of the Fourier expansion [15] to ψ + and ψ † + shows that the quark contributions have a momentum fraction k + /P + ≡ x = X, with X ≥ 0, whereas the anti-quark contributions have a momentum fraction x = k + /P + = −X for X ≤ 0.
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FIG. 1. Forward virtual Compton scattering.
The expression, F q (X) is the leading-twist approximation to the virtual photon forward scattering amplitude shown in Fig. 1 , and x − is the distance along the light cone between the emission and absorption of the virtual photon. We shall show that the complete interpretation of the spatial dependence of the quark distributions requires an understanding of their contributions to F q (X) as a function of the longitudinal spatial separation x − .
The matrix element appearing in Eq. (1) is directly relevant to computations of the "quasi-pdfs ", which allow evaluations in lattice gauge theory to obtain quark distributions as functions of x [16] [17] [18] [19] . See the extensive reviews [20, 21] . This technique is a significant advance over previous treatments which could only obtain moments of distributions. Lattice theorists compute the matrix element appearing in Eq. (1), defined, see e.g. [17] , as h γ + (P, x − ), and then take a Fourier transform in order to obtain the quasipdfs as a function of X and P. . Therefore it is useful to obtain physical intuition regarding h γ + (P, x − ). This will be done here by employing recent models derived from holographic light-front QCD.
A key advance will be to show that the necessary understanding is gained by studying hadronic lightfront wave functions as a function of the longitudinal spatial coordinate of the quark and gluon constituents. To see this, we insert a complete set of states |n − 1 in Eq. (1) so that
The quantity n − 1|ψ( x − 2 )|P is an overlap of amplitudes which projects out the active, struck quark, integrated over the spectator particles. This is simply the light front Fock space wave function of a quark (or anti-quark). In the momentum space representation of the standard Fock space description [10] [11] [12] , one has n − 1|ψ + (x, k, λ)|P ≡ ψ n (x, k, λ), in which the indices that refer to specific states have been suppressed to simplify the presentation. The contribution of this component (q n ) to the previously defined F q (X) is given by
where X = x if the quark is removed from |n and X = −x if the anti-quark is removed. A sum over λ is assumed.
Converting these momentum-space wave functions to coordinate space is the next step. The transverse momentum coordinate k is transformed into the canonically conjugate impact parameter b to obtain ψ n (x, b) using standard methods [4] [5] [6] [7] . The dependence on the frame-independent longitudinal spatial coordinate has not previously appeared.
The frame-independent longitudinal space coordinatez
The momentum space wave functions are normally expressed in terms of the longitudinal light-front momentum coordinate k + P + . The canonical spatial coordinate is therefore given by the frame-independent variablez
See also [22, 23] . Making a standard Fourier transform yields the coordinate space wave function given by
or the mixed form
These light-front (LF) wave functions are independent of the observer's Lorentz frame since both the longitudinal and transverse coordinates are canonically conjugate to relative LF momentum coordinates.
It is worthwhile to compare the present approach with the concept that the longitudinal direction is Lorentz-contracted to zero in the infinite momentum frame. The appearance of contraction occurs if one identifies the longitudinal coordinate as x − , the coordinate canonically conjugate to the momentum variable k + . This leads to a frame-dependent coordinatespace wave function from the relation:
The resulting density
in the infinite momentum frame is obtained by taking P + to ∞. Taking the limit carefully [24] leads to the result ρ(
showing that the spatial extent is contracted to a δ-function in the infinite momentum frame, corresponding to a picture in which GPDs are represented as disks [25] . See also Ref. [26] . (There is one caveat. The density is the square of wave functions that are defined as matrix elements of the independent quark-field operators involving the so-called "good" operator γ + . Matrix elements that are obtained with operators not containing γ + do not exhibit this contraction. )
However, there is an obvious problem associated with using the frame-dependent x − coordinate in the infinite momentum frame. The Lorentz invariant distribution is obtained using the boost invariant longi-
The variablez in DIS The frame-independent quark distribution function q n (x) of Eq. (3) can be expressed in terms of the longitudinal coordinatez using the inverse Fourier transform of Eq. (6) so that
Letting R ≡ (z +z )/2 and s ≡z −z and integrating over R yields
with g n (s, x) = 2 π 1 0 dy q n (y) cos sy cos xs. (10) The function g n (s, x) is the light-cone gauge A + = 0 version of the function h γ + (s, x) used in the lattice QCD calculations of Ref [17] ; it measures the contributions to q n (x) at a given value of s as a function of x. The variable s is the frame-independent version of the Ioffe time. Note that the factor cos sx is a general model-independent feature.
Models to further our understanding of g(s, x)
The first model considered is that of a pseudoscalar meson with massless quarks and one valenceFock space component. This is the LF holographic model for the massless pion in the chiral m q = 0 limit. The eigenfunction of the holographic light front Hamiltonian [27] is given by:
The transverse variable [27] 
. We may determine the three-dimensional coordinate space wave function in terms of ζ:
The momentum space version of Eq. (11), relevant for evaluating g(s, x), is obtained from the Fourier transform to the canonically conjugate k so that
Using Eq. each value of κb the density vanishes at values of z ≈ 7.6. We may gain an understanding of this behavior by obtaining a closed form expression for ψ S M (z, b). By changing variables to u = x − 1/2 and expanding the exponential in powers of λ ≡ κ 2 b 2 /8 we find the most important term to be √ 2π 2κ
which is reasonably accurate forz greater than about b 2 κ 2 . The first zero of J 1 (x) occurs at x = 3.8171; one can obtain a qualitative understanding of this zero crossing as shown in Fig. 2 . The result Eq. (13) means that for such values, the density falls only as 1/z 3 approximately modulated by cos 2 (z + π/4).
The existence of such a large-distance tail indicates that thez variable will contain important physics.
The next step is to determine the function g(s, x) for the model of Eq. (11). Use Eq. (10) with F q (y) = 1 as given above, so that g M (s, x) = 2 sin s πs cos xs
that the dependence on x is determined by the function cos xs for this model. Another key feature is that there is a very slow falloff with increasing values of s for small values of x. This falloff is also obtained for models with massive quarks. In the limit of large quark masses γ ≡ m 2 q /κ 2 > 1, we find that
Universal Light Front Wave Functions [29] The model given in Eq. (11) is very simple, with q n (x) = 1 for m q = 0. A recent paper presents a universal description of generalized parton distributions obtained from Light-Front Holographic QCD, and we shall use this form to extract a model light-front wave function as function of the number τ of constituents of a Fock space component. Regge behavior at small x and inclusive counting rules as x → 1 are incorporated. Nucleon and pion valence quark distribution functions are obtained in precise agreement with global fits. Their model is described by the quark distribution q τ (x) and the profile function f (x) with
and
The value of the universal scale λ is fixed from the ρ mass: √ λ = κ = m ρ / √ 2 = 0.548 GeV [28, 30] . The flavor-independent parameter a = 0.531 ± 0.037. The u and d quark distributions of the proton are given by a linear superposition of q 3 and q 4 while those of the pion are obtained [31] from q 2 and q 4 .
Given these distributions we may study the function g(s, x) of as a function of τ . In this case, Eq. (10) becomesg
and g τ (s, x) =g(s) cos xs. Fig. 3 showsg(s) as a function of s, the dimensionless separation between the emission and absorption of the photon s = x − P + of Fig. 1 . In the lab frame x − = √ 2/M s = 0.3s fm, so that the proton radius corresponds to about s = 3 One observes a slow falloff with increasing s:g τ (s) ∼ which demonstrates s −1/2 falloff, modulated by sinusoidal behavior. An essential feature is that the dominant behavior of g τ (s, x) is given by cos sx unless x is very small; there is thus a significant probability that the deep inelastic scattering process occurs at large separations between the absorption and emission of the virtual photon. If x is near zero g τ (s, x) ≈ g τ (s). The traditional idea that large longitudinal distances (the Ioffe time) [32] , underlies deep inelastic scattering at small x bj can now be related to the hadronic light-front wave function. The factor cos sx shows explicitly how large longitudinal distancesz are associated with small values of x.
Ref. [29] also presents the universal light front wave function (LFWF):
in the transverse impact space representation with q τ (x) and f (x) given by (16) and (17) . The dependence onz, is contained in the wave function ψ τ (z, b), computed according to Eq. (5). The density ρ(z, b) = |ψ τ eff (z, b)| 2 is shown in Fig. 4 . The main interest here is to study the dependence onz, which is displayed in Fig. 5 for b = 0. The same general behavior is seen for other values of b. The density falls roughly as 1/z 1.6 . This very slow falloff that again indicates the importance of the longitudinal spatial variable for small values of x.
We examine how the transverse extent depends onz by defining an expectation value
The values shown in Fig. 6 generally increase with increasingz, in contrast with intuition based on rotational invariance. The unorthodox behavior shown in Fig. 6 motivates us to define the average value of b 2 as a function of x: b 2 (x) ≡ d 2 bb 2 |ψ eff (x, b)| 2 = 4f (1−x) 2 , is independent of the value of τ and ranges from about 1.1 fm 2 at x = 0 to 0.23 fm 2 at x = 1.
This behavior arises from the vanishing of f (x) as x approaches 1.
Indeed lim x→1 f (x) = 1.27454(1−x) 2 +0.416245(1−x) 3 +· · · . The mean-square transverse size decreases with increasing x. Similarly, the mean-square transverse momentum k 2 (x) = 1/b 2 (x) increases with increasing x. This behavior is completely opposite to that obtained from the simpler form of Eq. (11), as well as that of many models of GPDs.
Summary and Outlook
A longitudinal spatial variablez has been introduced in Eq. (4), thus allowing a representation of light-front wave functions in terms of all three frame-independent spatial variables. The square of light-front wave functions falls very slowly with increasing values ofz. This behavior, seen in both the valence model of Eq. (11) and in the model that incorporates Regge behavior Eq. (19) , shows that the difference between two values ofz (Eq. (9)), i.e. the distance s between absorption and emission of the deeply inelastic virtual photon, can be very large. The result Eq. (10) demonstrates that the explicit factor cos sx controls the relation of the distance s to the Ioffe time. All this is relates to the light-front wave functions. Furthermore, the function g(s, x) appearing in that equation serves as a bridge between model light-front wave functions and lattice QCD calculations of quasi-pdfs; see e.g. Ref [17] . It thus can relate light front wave functions to lattice QCD calculations.
